Quantum mechanics 11, Chapter 2 : Entanglement (Part 3)

TA : Slimane Thabet, Sofia Brizigotti, Alba Miren Taddei, Reyhaneh Aghaei Saem, Mehrad Sahebi, Ricard

Puig, Sacha Lerch

Sometimes observation kills.

IN-=-=/1 IN---/1
| o_o | I x_x |
i W \_ /-
/ + \___ ___/ +\
- /_ _2) [ QENEPIN -\ [ I
o \N(__ ), ) (o2 D Y/ I +

Problem 1 : Bell inequality (quantum psychics version)

Every time Alice and Bob get told ‘H’ they must give opposite answers, but otherwise they must give

the same answer.

Alice and Bob’s strategy :

— If Alice gets told ‘H’ she measures in the Z basis and says ‘Y’ if she gets ‘|0)’ and ‘N’ if she

gets ‘|1)’.

— If Alice gets told ‘T’ she measures in the X basis and says Y’ if she gets ‘|+)” and ‘N’ if she

gets ‘|—)"
— If Bob gets told ‘H’ he measures in the basis
{|h) = sin(7/8)|0) + cos(m/8)|1), |h) = cos(m/8)|0) — sin(w/8)|1)}
and says ‘Y’ if he gets ‘|h)’ and ‘N’ if she gets ‘|h)’.
— 1If Bob gets told ‘T’ he measures in the basis
{|t) = cos(w/8)|0) + sin(7/8)|1), [¢) = sin(r/8)|0) — cos(w/8)|1)}
and says Y’ if he gets ‘|t)” and ‘N’ if she gets ‘|{)".

Show that Alice and Bob can win the test and fool the sceptics with probability
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Pouantum = cos(m/8) ~ 0.854 .

From this test, we can write the probability of winning as follows

1
P = 4<P(AH 1, By = —1|H, H) + P(Ay = —1, By = 1|H, H)
—I—P(AH =1,Br= I‘H,T) —|—P(AH =—1,Br = —HH,T)

—I—P(AT: 1, By = 1‘T,H)+P(AT: —1,Bg = —HT,H)

+ P(Ap = 1, By = T, T) + P(Ar = —1, By — —1|T, T))

(1)



To show that Pquantum = cos(m/ 8)2 we need to compute these eight that we have in Py, while we
consider that Alice and Bob share entangled Bell states, [¢1) = % (|00) 4 |11)). Using Alice and
Bob’s strategy to do the game the terms in Py, are as follows.

For P(Ag = 1,By = —1|H, H) from the strategies, Alice measures in the Z basis and gets |0) and
Bob measures in {|h), |h)} basis and gets |h).

P(Ay =1, By = =1|H, H) = (¢*]/0)(0] @ =) (| |67 ) (5)

For P(Ag = —1,By = 1|H, H) from the strategies, Alice measures in the Z basis and gets |1) and
Bob measures in {|h), |h)} basis and gets |h).

P(Ay = =1, By = 1|H, H) = (¢*[|1)(1] @ |h) (] |¢* ) (6)

For P(Agy = 1,Bp = 1|H,T) from the strategies, Alice measures in the Z basis and gets |0) and
Bob measures in {[t), [f)} basis and gets |t).

P(Ay =1,Br = 1|H,T) = (¢*]/0)(0] @ [t) (t| |+ .

For P(Apy = —1, By = —1|H,T) from the strategies, Alice measures in the 7 basis and gets |1) and
Bob measures in {|t), |t)} basis and gets [¢).

P(Ay = =1,Br = —1|H,T) = (¢"|[1)(1] @ [£) (7] ‘¢+> (8)

For P(Ar = 1, By = 1|T, H) from the strategies, Alice measures in the X basis and gets |+) and
Bob measures in {|h), |h)} basis and gets |h).
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P(Ar =1,Bg =1|T,H) =
—— N A 202
= (1+sm(4)) 5 €08 (8)

For P(Ap = —1,Byg = —1|T, H) from the strategies, Alice measures in the X basis and gets |—)
and Bob measures in {|h), |h)} basis and gets |h).

P(Ar = —1,By = —1|T, H) =

—~
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For P(Ap = 1, By = 1|T,T) from the strategies, Alice measures in the X basis and gets |+) and
Bob measures in {|t), |f)} basis and gets |t).

P(Ag = 1,Br = 1|T,T) = (¢"||+)(+| @ [1){¢] [¢" )
1 A 1 9, T (11)
— Z(1 +sm<4)) = 5 cos (g)

For P(Ap = —1, By = —1|T,T) from the strategies, Alice measures in the X basis and gets |—) and
Bob measures in {|t), |)} basis and gets [¢).

P(Ar = =1, Br = —1|T,T) = (¢*||-){(~| @ [)F |¢* )

=
1 A 1 T (12)
= Z(l + sm(4>) =3 cosQ(g)

Finally, we have that Alice and Bob can win the test with probability
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Pquantum = cos(7/8) ~ 0.854 . (13)

Problem 2 : Tsirelson’s Bound

Suppose
Q=q-0, R=r-0, S=s-0, T=t-0,

where q,r,s and t are real unit vectors in three dimensions. Let
A=Q®S+R®S+RT-Q&T (14)

Show that
A2=(Q®S+R®S+RT—-Q®T)? =4I +[Q,R| @[S, T).

Use this result to prove that
(A =(QoS)+(R2S)+(ReT) - (QaT) <2V2

What is the maximum value of (A) in the classical case? What do you infer from the difference
between the classical and the quantum result ?

Hint : Assume any classical observables Q, R, S, T with possible measurement outcomes +1. In
classical physics all observables commute with each other.

We have the following observables
Q=q-0, R=r-0, S=s-0, T=t-o0, (15)
where q,r,s and t are real unit vectors in three dimensions. Let

A=Q®S+R®S+RRT-QxT. (16)



We want to show that
A? =41 +[Q, R ® [S,T).

First, consider the arbitrary observable of the form V.

V=v-o

Here, it is shown that V2 =1,

V2 = (Z ’UZ'JZ')Q = Zvivjamj = vaj(éijl + iEiijk)
i 1,3 1,

where we use the relations of the Pauli matrices and the fact that v is normal.

Vi=(> vhH1=1

Using this result, we can simplify A2

A2=(QRS+RS+RT-QT)?=Q>’®5?+QR®S*+QR® ST —Q*® ST
+RQ®S*+R*®S*+R*® ST — RQ® ST
+RQQTS+R*’QTS+R2@T? - RQ®T?
~—Q?®TS—QR®TS — QR T? + Q*® T?

= 1®14+QR®1+QR®ST —1® ST
+RQ®1+1®1+1®ST — RQ® ST
TRQOTS+19TS+101-RQ®1
—1®TS—-QR®TS-QR®1+1®1

By writing the non-unitary terms in the form of commutator, we get
A2=4191+QRST—RQ®ST+RQ®TS—QRXTS

=41® 1+ (QR— RQ)® (ST —T5)
=41®1+[Q,Rl®[S,T].

Now the problem asks to use this result to prove that

Q®S)+(R®S)+(ReT) — (QeT) <2V2.
So we need the expectation value of A. Using Var(A) = (A?) — (A)2 > 0, we have
(4)? < (42),
where we use the fact that the variance of A is positive.

Now the last step is to upper bound (A2).
(A%) = 4(1) + ([Q, R ® [S,T1)

(23)

where we use the linearity of the expectation value. To upper bound (A?) we use the fact that it
has four terms of the form X ® Y (where X and Y are one-qubit operators with +1 eigenvalues)
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and the expectation value of each of them is less than one because their eigenvalues are all plus or
minus one.

(4%) =4+ ([Q. R] ® [, T]) < 8 (24)

More explicit :
[Q,R] ® [S,T] = (qirjsiti)oio; @ ooy + ... (25)
Ignoring the coefficients and only taking the first term, we have :
005 @ 0,01 = 035 @ Okt + 1€ijmOm @ O + 0 @ 1€kmOM — €ijmOm @ €xinon (26)

Applying the above operator to a 2-particle state, computing the norm and using the triangle
inequality gives :

|0ioj @ ooy [h192) | < [0ij @ Okt [1h11b2) | (27)
+ |om ® Oxr [Yh1902) | (28)
+ 045 ® om [Y192) | (29)
+ |om ® o |192) | (30)

The point now is that in the above expression only one will contribute. For example if i = j only
the first or third term can contribute. Additionally if k¥ = [ only the first contributes and if k # [
only the third contributes. Therefore the full expression is bounded from above by 1. Since there
are 4 terms of the above form we have :

(4)? <8 (31)

And by replacing A it can be written as follows

(QRS+ROS+RRIT-QT)=(Q2S)+(RS)+(RT) —(QaT)<2v2.  (32)

Furthermore, it is crucial to show that this bound is attainable. Than can be done by giving a simple
example. Let

Q =0, (33)
R =0, (34)
0+ 0x

S = 7 (35)

T === 7 ° (36)

(37)

Now prepare .

1) = —= (|00) + [11)) (38)

S

2



and compute the expected values. It is easy to see that

1
SV, =—— 39
@S- (39)

1
R®S)y =—= 40
(R S)s = (10)

1
RT)y =—= 41

—1
Ty, =——— 42
Qe =" (12)
(43)

and thus

(Q®S)y+(RDS)y+ (R&OT)y — (Q@T)y =2V2 (44)
For the classical case we have : [Q, R] = [S,T] = 0 and therefore A < 2. Using quantum resources,

we can therefore violate the classical inequality by a factor of v/2.

Problem 3 : Mermin-Peres and Telepathy

FIGURE 1 — Mermin-Peres Game Square

This exercise is another demonstration of quantum vs. classical correlations.
We consider Alice and Bob playing a cooperative game on a 3x3 square (see Figure . Alice will
be assigned a secret row, and Bob assigned a secret column. The goal of the game is for Alice and
Bob to fill their column/row with +1 or -1, without seeing each other’s values, while respecting the
following constraints :
— Alice’s row must have an even number of -1 (None or 2) i.e. the product of the entries is +1.
— Bob’s column must contain an odd number of -1 (1 or 3) i.e. the product of the entries is -1.
— The square which is in both, Alice’s row and Bob’s column, must be filled with the same
number by both (both +1 or both -1).

Alice and Bob are allowed to strategize before the game, however any communication is forbidden
after they have been assigned their respective row or column.

1. Suppose they only have access to classical resources. Find a strategy that works out with a
probability of success of 8/9 (It can be shown that this is the optimal success probability using
classical resources). Hint : Try to fill as many squares as possible of the 3x 3 square with +1
and -1, while respecting the given constraints. How many squares can you fill until you reach
a contradiction ?



Following the hint we start filling the empty squares with +1 and -1 until we reach a contradiction.
This will inevitably happen for at least one square as can be seen below :

1 2 3

1) +1 | +1 | +1

2 +1 | +1 | +1

3| -1 | =1 |-1/+1

FIGURE 2 — Mermin-Peres Game Square

More systematically : gives :

FIGURE 3 — Mermin-Peres Game Square

abc=1
def=1
ghi=1
adg=—1
beh= -1
cfi=-1

Multiplying the left-hand side of these six equations together gives a? b? c? d? €? f? g? h? i> = 1. But,
multiplying the right-hand side together gives —1. So at most 8 of the table cells out of the 9 can
be true.

2. What changes if Bob and Alice can communicate after learning the row/column they’ve been
assigned 7

If they can communicate after leaving the room, they can share which row/column they are assigned.
And thus they will win every time once again.

3. Now suppose Alice and Bob share two copies of a maximally entangled Bell state i.e. the full
quantum state is [¢)) = 1 (]0000) + [0011) +|1100) + [1111)). Each of them has one part of the



1)+/-1 +1 | +1

2| +1

3| +1

FIGURE 4 — Mermin-Peres Game Square after measuring Z ® Z ® Z ® Z and obtaining {1,1,1,1}
as measurement outcome.

entangled state, and they can choose to perform on each spin a measurement of { X, Y, Z, 1} (by
"measuring 1" on spin i, it is meant that no measurement is performed on the i-th spin). The
goal is to find a measurement strategy that beats the classical one in terms of success chances.

Before the game starts, they start to think about a strategy to win the game and come up
with the following idea :

They want to agree upon measurements they can perform on their qubits, for every combi-
nation of row and column they could possibly get. If they find 9 measurements (for every
combination of row and column) that will successfully fill their row and columns (successful
means they agree in the ij-th square, while keeping their constraints), they would win the
game always. They start trying out different measurments they could perform. For example :
If Alice got row 1 and Bob got column 1 they would have to agree in the top left corner of
the 3x3 square. They decide to try both measure Z on both their qubits i.e. they measure
Z®Z®ZQ Z on |1). This results in 4 different possibilities to fill the squares : If Alice and
Bob both measure {1,1}, the state collapsed to |0000). Alice will put {1,1} in the second and
third square of the first row, and Bob will put {1, 1} in the second and third square of the first
column. To respect the constraints Alice needs to fill another 1 in the top left square while
Bob has to fill a -1 (see Figure ). With this measurement they would therefore lose the game.
Had they measured {1,1,—1,—1} (corresponding to the collapse to |[0011)), Alice would fill
again {1, 1} while Bob would fill {—1,—1}. Again respecting the constraints, Alice has to fill
a 1, while Bob needs to fill a -1. They again lose.

Can you find a 4-qubit measurement that will result in a win every time, without failure ?

If they share a maximally entangled state they can win all the time. This is done by mapping
the table in Figure [5| Crucially, every row (column) commutes, and thus they can be measured
simultaneously. Suppose that the shared state looks like

W) = = (]0405040B) + [04051415) + |14150405) + [1alplalp)) (45)

DO =

then if for example, A obtains row 1 and Bob obtains column 1, the complete measurement of the
two would read : 0z ®ox ® 0z ® oz leading to the possible measurement outcomes {14,15,14,15},
{1a,—1B,1a,1p},{—14,1B,14,15},{—14, 1B, 14,18}, {14,1B, —14,—1p}, {14, —1p, 14, —1B},
{—1a,1B,—14,—1p}, {—14,—1p,—14,—1p}. Note that the results of Alice and Bob are fully cor-
related for what concerns the measurement of o, on the second pair of qubits. In other words, if
Alice measures the value of o, on her second qubit and Bob measures ¢, on his second qubit, then



in the entangled state |¥), they always get the same answer. Since in the top left corner Alice and
Bob both write 1 ® 0,— that is, the value measured in their second qubit— they win the game with
probability 1.

The same holds for any choice of row and column. Crucially, it is important that for each row
(column) the measurements commute, and thus they can be measured simultaneously. You can
check the [Wikipedia page| for more details.

1 2 3

1 1®02 Uz®1 0, R0, +]1

2 0.1 | 1®0, | 0 R0y |+1

3 |0 R0:—0, R0, Oy X0y |+1

-1 -1 -1

FIGURE 5 — Mermin-Peres Game Square

4. Do the same for every combination of rows and columns Alice and Bob can obtain.

If Alice obtains the first row she always measures oz on both her particles. If she gets the second
row she measures ox on both and if she gets the third row she measures oy on both qubits. Bob
measures —ox ® oz for the first, —o; ® ox for the second and oy ® oy for the third column. Note
that the product of the measurements along the columns gives —1 while it is 1 along the rows. This
was not possible using plain scalars.

Problem 4 : Bloch sphere for pure or mixed states of a two-level system

In the lecture you have started to talk about density matrices. This exercise serves as a first intro-
duction to the topic, connecting to the already known concept of the Bloch sphere.

1. Derivation of Bloch vector from generic pure state. Any pure one-qubit quantum state can be
written as ket

[v) = cos(0/2)|0) +sin(h/2)e|1) 6 € [0,7), ¢ € [0,27)

or as the density matrix,
1 .
W)l =5 (1+67)

Find an expression for r in terms of § and ¢. What does the vector r denote ?


https://en.wikipedia.org/wiki/Quantum_pseudo-telepathy

We just have to expand the LHS and the RHS separately and then equate the matrix entries in a
pairwise manner. Starting from the LHS, we have

(%) 20 —ig (U]
_ [ cosg 0 g6\ _ [ €osT 3 e~ '? cos 5 sin 5 4
) <4¢$ng> (cos? e-iésin?) (emcosggng e >, (46)
while for the RHS we have
1 L1+ vy — Ty
2(H+U'r)_2(r$+z‘ry 1—r, ) (47)

The diagonal entries yield the constraints cos? /2 = (1+17,)/2 and sin? /2 = (1 —r.)/2, which can
be subtracted to obtain

7, = cos’ g — sin? g = cosf. (48)

One can proceed similarly with the off-diagonal entries and find that by adding and subtracting the
two associated equations, respectively, we get

Ty = COS g sin g(e_id’ + €'®) = 2cos g sin g cos ¢ = sin 6 cos ¢, (49)
ry = sin @sin ¢. (50)

So we recover the Bloch vector
r = (sin 6 cos ¢, sin f sin ¢, cos 0), (51)

which represents a unit vector in spherical coordinates in R? (which is restricted to the boundary of
the unit sphere).

2. Derivation of Bloch vector from properties of density operators. Define the set of density ma-
trices with the following 3 conditions :

— The density matrix is Hermitian : pf = p
— It has trace 1 : Trp =1
— It is positive or null : (¥|p|¥) >0, V¥

Show that any density matrix p of the 2 level system can be written

1
p=51+5m) (52)

where & = (6,,6,,06,). Argue that r is a real vector of 3D space and |r| < 1.

We know that density matrices are Hermitian. We also already showed in Problem Set 1 that any
Hermitian operator p can be written as a linear combination of the Pauli matrices (including the
identity operator), that is,

p=al+boy+coy+do,=al+o-1, (53)

where a,b,¢,d € R, o0 = (04,04,0.) and ' = (b,¢,d). Density matrices must additionally satisfy
Trp = 1 and positivity, which yield the following contraints :

Trp=Trjal] =2a=1 = a=1/2 (54)

10



and Eigenvalues have to be larger than 0. From we have :

_|1/2+d  b—ic
| b+ic 1/2—d] (56)
det\l—pl=(A—1/2—d)(A\—1/2+d)—b*—c* =0 (57)
=X A |r'P+1/4 (58)

And therefore :

A=1/24+ | >0 (59)
K| <1/2 (60)
r'| > ~1/2 (61)

All together we have p = al+1' -0 =a(l14+1'/a-0) = L (14 r-0) with r = 2r’ and |r| < 1, as
required.

Alternatively to the positivity one can also use Tr{ p2} <1, yielding :
Trp? = Tr[a®1l + 2a0 - ' + (o - 7')?] = 2(a® + |7')?), (62)

where we used the fact that Pauli matrices are traceless, the linearity of the trace operation, and
finally the rewriting (o-7')% = r'-#'1+i(r' xr') o0 = |7'|*1 (see Problem Set 1). Putting everything
together we find

= r <1, (63)

|

1
G TaArfPs1 = pP<

provided 7 is chosen such that r = 27r'.

Notice that in the general case of mixed states, the Bloch vector can occupy the entire unit sphere
— not just its boundary as for pure states.

3. Show that the state is pure iff ||r|| = 1. Explain why Tr[p?] is a measure of the ‘purity’ of a
quantum state.

Since it is a iff (if and only if statement), we must prove both directions of the condition. If we first
assume that the state is pure, we have already seen in the first question, what the representation
of the state is and that |r| = 1. Conversely, if we have |r| = 1 we know that we can represent any
point on the surface of the unit sphere. Since after exercise 1, any point on the surface of the unit
sphere is associated to a pure state, |r| = 1 implies that the state is pure.

Alternatively, for pure states we also have p? = p (by definition in the first exercise), and therefore
Trp? = 1, which means that the following condition must hold

Trp? = Tr 1(]1+ )Q—ﬂ 1ﬂ+1y |21—1+1| ?=1 (64)
e AT ) A e P AL el B T L

which is only satisfied when |r| = 1. If on the other hand we assume that |r| = 1, then from the
formula above for Trp? we can directly conclude that necessarily the state is pure, that is, Trp? = 1.

Trp? is a good measure for purity because only pure states have Trp? = 1. For a fully mixed two-level
state we have p = 3", £ |i) (i| and therefore p* = >ij 252 18) (i] and Trp? = 1.
In general for a Hilbert space of dimension d the maximally mixed state has Trp? = 1/d.
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4. Sketch on the Bloch sphere the states :

We employ the following two tricks to draw the one-qubit mixed states on the Bloch sphere :
— A density matrix p = %(l + & - r) occupies the position r on the Bloch sphere (which we
traditionally draw as a vector from the origin).
— A density matrix p = ap; + bpo, with respective vectors r; and ro, has a Bloch vector
r=ary+brs.
In Fig. [6] we sketch the states on the Bloch sphere.

|0) 10) 10)
y y ) \‘ y
x N X NZX
=1 S
(a) 10), # =0 and ¢ = 0. (b) |[+), 06 =7/2 and ¢ = 0. (¢)|-), 0 =m/2 and ¢ =m.
10) 10)
10)
/ /
/’ \ 1
y N y
| v R
S \/Il)
11)
@ (0) — iv21))/v3, 6 = () [ {+/3 + 2[=)(=1/3, 7 =
2arccos(1/v/3) and ¢ = 37/2. (e) 1/2, » =(0,0,0). (—=1/3,0,0).

FIGURE 6 — Bloch sphere representation on quantum states.

5. Give a geometric argument to show that 1(|+)(+| + [=)(=]) = 1(|0)(0] + [1)(1]) . (Is this
surprising ?)
Disclaimer : think about the meaning of this state. How would you represent |0) (0] on the
Bloch sphere? And |1) (1| ? Now if the space of qubits is a convex space, what is the point in
the Bloch sphere that represents the combination of the previous one?
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Now make the same reasoning for |+) (+|, |—) (—|.

Notice that we have 1 1

SR+ =)= = 5(10)0 + [1){1]) = 51, (65)
which, as shown above, corresponds to the origin of the Bloch sphere, i.e. » = (0,0,0). This is
expected since {|+),|—)} and {|0),|1)} both form a basis, and as seen from the Bloch sphere repre-
sentation, they cancel out.
Also by definition of the ortho-normal basis :

1= Z |4) (il (66)
vivt =Y "Uli) (i| Ut (67)

1=>"|a) (al (68)

where U is the matrix describing a change of basis from span{|i)} to span{|a)} (In this case from
Z-basis to X-basis). So we have

D10 (i =1=2la)(al, (69)

«

as desired.
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